We show that for collisions of electrons with a high-intensity laser, discrete photon emissions introduce a transverse beam spread that is distinct from that due to classical (or beam shape) effects. Via numerical simulations, we show that this quantum induced transverse momentum gain of the electron is manifest in collisions with a realistic laser pulse of intensity within reach of current technology, and we propose it as a measurable signature of strong-field quantum electrodynamics.
At intensities far below the onsets of these processes, however, the basic dynamics of an accelerated particle are strongly affected by the radiation it emits. These 'radiation reaction' effects are thus of fundamental interest. Moreover, understanding the dynamics is key to the accurate development of state-of-the-art QED-plasma 'particle-in-cell' (QED-PIC) simulation codes that are expected to drive the experimental efforts [7] [8] [9] [10] .
In this Letter we study the dynamics of a beam of high energy electrons interacting with a high-intensity laser pulse. Specifically, we consider electron-laser collisions in an intensity regime in which the quantum emission effects are important, but which is below the pair production threshold. We show that through their transverse motion, the electron dynamics alone provide detectable signatures of strong field QED (see also [12, 13] ), and at intensities in reach of current technology.
Understanding the radiation back reaction is one of the most fundamental and oldest problems in electrodynamics (see, e.g., [14] [15] [16] [17] ). The common starting point for the classical approach is the Lorentz-Abraham-Dirac (LAD) equation, which results from the solution of the coupled Lorentz and Maxwell's equations [18] [19] [20] . This equation, however, suffers from notorious defects, e.g., unphysical runaway solutions. These can be somewhat circumvented by introducing certain approximations to reduce the LAD to a more applicable (albeit more approximate) form. The most well known of these is the perturbative approximation by Landau and Lifshitz (LL) [21] , valid when the radiative reaction force is much less than the Lorentz force in the instantaneous rest frame of the particle. It was shown to be consistent with QED to the order of the fine structure constant α [12, 21, 22] . We note that alternative classical equations of motion do exist (see, e.g., Refs. [23, 24] , and for a summary, Ref. [25] ).
Regardless, the validity of classical approaches in general decreases as the intensity increases and quantum effects become important. Indeed, there have been a number of studies investigating quantum effects on the dynamics of particles in strong laser fields [13, [26] [27] [28] . (For related theoretical studies of high energy electrons in crystal systems, see, e.g., [29] [30] [31] ). The most recent of these showed, via the use of a kinetic formalism, a broadening in the (longitudinal) energy distribution of an electron bunch in a counter-propagating laser [27] , due to photon emission. In that work, however, the authors considered a regime in which transverse effects could be neglected. Expressions for the QED tree-level amplitudes are well known [32] . In a general collision, however, an electron will emit multiple times. At high-intensity, multi-photon emission amplitudes are dominated by multiple incoherent single-photon emissions [33] . Photon spectra for electrons in simple fields have recently been calculated numerically [33] , but for arbitrary fields this becomes more difficult. For the latter, numerical simulations based on strong-field QED provide an alternative approach, which we take here. Importantly, the QED simulations also provide a direct means of predicting the electron dynamics, which are the subject of this paper.
We begin with a discussion of the dynamics of a classical and quantum electron in the prototype plane-wave field. Following this, we present results of numerical simulations of an electron colliding with a plane-wave laser, and in a more realistic setup, with a paraxial Gaussian laser. The simulations implement methods similar to those used in the benchmark QED-PIC codes [7] [8] [9] [10] . We show that the dynamics of electrons that emit discrete quanta are very different to those treated classically, via e.g., the LL equation, and that this leads to detectable signatures of strong field QED at intensities that will soon be available. Finally, we conclude with a discussion on the relevance of the results.
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Conventions:-As a test model we consider a plane wave field propagating in the z-direction described by the null wave vector k µ = ω(1, 0, 0, 1), with central frequency ω. (Throughout we adopt natural units where = c = 1.) Taking the field to be polarised in the perpendicular direction, we introduce the polarisation vector = (0, 1, 0, 0), such that our basis vectors satisfy
We define a dimensionless measure of field intensity in terms of the peak electric field, a 0 ≡ eE/mω. The electromagnetic field tensor of the wave is taken to depend arbitrarily on the phase
, is a function describing the pulse. Finally, we introduce the quantity Ω ≡ k · u = ω(u 0 − u 3 ) which is the laser frequency as 'seen' by the electron.
Classical case:-We begin by considering a classical electron moving in the test field. Let the initial momentum p 0 = mu 0 when φ = φ 0 = −∞. The effects of radiation reaction (RR) can be accounted for via the Landau Lifshitz (LL) equation [21] ,
where r 0 = (2/3)(e 2 Ω 0 /4πm) is the coupling of the radiative correction terms. Taking r 0 → 0 gives the Lorentz force equation. Multiplying Eq. (1) by k gives [34] (see also [35] ).
where J ≡ φ φ0 dφ f 2 (φ ). Thus we see that Ω decreases with time as the particle interacts with the laser. (Observe also that in the case without RR, Ω is conserved.) For a plane-wave field such as ours, the LL equation has recently been solved analytically [34] . For the transverse momentum, the solution is found to be
where
Since the pulse function f (φ) is symmetric and finite, the integrals I and H taken over the entirety of the field are zero. The net transverse momentum then reduces to the product of the initial one, p 0,⊥ , and the decaying prefactor Ω. Thus in the plane wave case a classical particle cannot gain transverse momentum, it can only lose it due to RR. (Without RR the net change is zero.) Note that in a more realistic field, to be discussed later, a classical particle can indeed gain transverse momentum. (In fact, for the special case of a classical particle in a bichromatic field, such a gain has been proposed as a method of controlling the electron dynamics [? ] .) In the regime we consider, however, the quantum effects dominate and are clearly distinguishable.
Including Compton scattering:-To consider quantum effects it is instructive to introduce the dimensionless and invariant 'quantum efficiency' parame-
16 Vcm −1 is the QED 'critical' field ('SauterSchwinger' field) [37] . It can be interpreted as the work done on the electron by the laser field over the distance of a Compton wavelength. When χ e 1 quantum effects dominate and pair production can occur. Thus in order to study quantum emission processes (viz. Compton scattering) cleanly, as we do here, one should be in a regime where a 0 , γ 1, such that quantum effects play a role, but have χ e 1, so that pair production can be neglected. In the limit a 0 1 the size of the radiation formation region is of the order λ/a 0 λ, where λ = 2π/ω is the laser wavelength [32] . Thus the laser varies on a scale much larger than the formation region and so can be approximated as locally constant and crossed, allowing us to determine the probability of photon emission using the differential rate [32] 
where K ν is the modified Bessel function of order ν, η ≡ χ γ /χ e ,χ ≡ 2η/ [3χ e (1 − η)], and we have introduced the analogous invariant parameter
for the emitted photon with momentum κ ν . Note that although dΓ diverges at small χ γ , the total differential probability of photon emission (i.e., of any χ γ ), dW = Γdt, where Γ ≡ χe 0 dΓ, is finite (see also [38] ). In general the electron will radiate multiple times as it interacts with the laser field. At high-intensity, multiphoton emission amplitudes are dominated by multiple, incoherent single-photon emissions [33] , each described by Eq. (4). The description of the interaction in terms of the invariants χ e and χ γ is then particularly instructive because the conservation law χ e = χ e − χ γ holds, where χ e , χ e are the initial and final electron invariants, respectively [32] .
We have developed the single-particle code 'SIMLA' [39] that calculates the trajectory of an electron undergoing Compton scattering in an arbitrary background field. Briefly, the code implements a classical particle pusher that propagates electrons through the field via the Lorentz (or LL) equation over discrete spatial and temporal grids. The emission process is implemented via statistical routines similar to those in a number of recently developed particle-in-cell codes for the modeling of QED cascades (see, e.g., [7, 9, 10] ). (Similar theory and methods are employed in studies of high energy particle beams interacting with crystals [29] [30] [31] .) At each time step a uniform random number r ∈ [0, 1] is generated, and emission deemed to occur if the condition r ≤ Γdt is satisfied, under the requirement Γdt 1. Similar event generators have been used in Refs. [10] and [11] . Note that during the simulation dΓ (and thus Γ) is a time-dependent quantity owing to the effect of the temporally varying laser pulse and electron motion. Given an emission event, the photon χ γ is determined as the root of the sampling equation ζ = Γ(t)
. Next, we calculate the photon momentum from χ γ assuming that the emission is in the direction of motion of the electron. This is valid for γ 1, since in reality the emissions will be in a cone of width γ −1 [14, 41] . Finally, the electron momentum is updated and the simulation continues by propagating the particle via the Lorentz equation to the next time step.
Dynamics of a quantum electron:-Despite the discrete nature of emission, the dynamics in the quantum case can be described in a similar manner to the classical one. Specifically, we assume once again that the particle enters the field with momentum p 0 at φ = φ 0 . It then propagates forward according to the Lorentz force until it emits a photon of momentum κ 1 when φ = φ 1 , leaving it with momentum p(φ) = p(φ 1 ) − κ 1 . This process continues through the subsequent emissions of n photons giving the equation of motion
where θ(φ) is the Heaviside function and I i (φ) ≡ φi+1 φi dφ θ(φ)f (φ ). If we consider just the transverse motion we find
where again I = 0 if taken over the entirety of the field. Thus the (quantum) corrections to the transverse momentum come solely from the recoil of the emitted photons. The stochastic nature of these emissions means that the electron will perform a random walk in transverse momentum space. The result is that a particle can gain transverse momentum, unlike in the classical case where, for a plane wave field, it can only lose it. Another point of note is that the frequency Ω also now changes discretely rather than continuously. Therefore a particle will initially see a laser of frequency Ω 0 = k·u 0 ; this quantity will be conserved (as is consistent with the Lorentz force dynamics) until the first emission, after which it will see a frequency of Ω 1 = k · (p 0 − κ 1 )/m, etc. However, since an experiment would likely consist of many electrons radiating at different times, one would expect this signal to be 'washed out' in any observed spectra. In terms of understanding the particle dynamics, the effect The electrons are timed such that they would enter the peak of the pulse at t = z = 0, were they not affected by the field.
of the discretely changing frequency in Eq. (5) is that the longitudinal momentum is dependent not just on the photon momentum, but also on the value of the phase when the photon is emitted. Thus in contrast to the transverse motion, the impact of discrete photon emissions on the longitudinal motion is somewhat obscured, although a recent work [27] has shown that there will be a longitudinal spreading of an electron bunch in a laser field (see also [13, 28] ).
In Fig. 1 we compare the QED simulation results with the solution of the classical LL equation, for head-on collisions of electrons of initial energy 102.2 MeV (γ = 200) with a linearly polarised plane wave with a Gaussian time envelope of 30 fs FWHM, and of peak intensity a 0 = 150 (9.5 × 10 22 Wcm −2 ). For these parameters χ e 0.1.
As discussed, the LL electrons radiate continuously and, although they oscillate in the field, they return to the field axis x = 0 after the collision. Figure 1 (a) shows that, in contrast, the QED electrons can acquire significant final transverse motion. In fact, we find that for 2500 simulated collisions the distribution in the final 'opening' angle θ ≡ arctan(x/z) is well described by a Gaussian of FWHM = 29.8 degrees. Figure 1 (b) shows the energy of the electrons with collision time. The discrete reductions in the energy of the quantum electrons are evident. The LL result is mainly contained within those of the QED electrons, falling to the lower end of the energy range at the end of the interaction. (This is to be expected since the classical formula allows for the emission of photons with energy greater than the electron energy [33] .)
Realistic setup:-To investigate whether these features are detectable experimentally, we now consider a more realistic setup. A typical source of electrons in such experiments is from a linear accelerator, e.g., the ELBE accelerator at the Forschungszentrum DresdenRossendorf in Germany [42] . We assume that the high charge mode beam is accelerated to γ = 500 and the normalised transverse emittance of 2.5mm mrad is preserved. The beam is then focused to 2.5 µm diameter FWHM at the interaction point. Even taking into account the space-charge effects the beam divergence is still much smaller than the angular spread after laserbeam interaction, so for simplicity we assume a parallel incoming beam in the simulation. We further assume the beam to be of high quality with a small energy spread (∆γ/γ 0 = 10 −3 is feasible with the aforementioned facility [43] .) For our laser field we use a paraxial Gaussian beam defined to fifth order in the expansion parameter [44] , with a wavelength of 800 nm and beam waist w = 10 µm. This corresponds roughly to what is expected to be achievable at the future facilities referred to in the introduction. Finally, the electron beam is assumed to collide with the laser pulse at an angle of 10 degrees. For these parameters χ e 0.3.
In Fig. 2 we show the trajectories of a random sample of 20 electrons for both the classical and QED cases. It is known that for a realistic field such as ours, the combination of finite size effects and classical RR will also cause a certain amount of spreading of the electron beam [45] . However, it is clear from the plots that these effects are not enough to mask the QED-induced transverse spread predicted from the plane wave analysis. Indeed, the quantum simulation is markedly different from its classical counterpart. To investigate further, we consider the statistics of a bunch of 1000 electrons following the same initial distribution as before. The final opening angles and energies are shown in Fig. 3 . It can be seen that the stochastic nature of the quantum photon emissions causes the angular spread of the electrons to increase by roughly a factor of two. This distinctive broad QED 'shoulder' should be experimentally detectable. Finally, Fig. 3 (b) shows that again, the QED electrons experience a broadening in their energy distributions, consistent with [13, 27] . (Note that in both cases, the particles that glance off the fringes of the pulse can experience a net gain in energy, see, e.g., [44] .) Finally, in Fig. 3 (c) and (d) we show the properties of the emitted photons for the QED simulation. It can be seen that, as expected, the majority of the photons are emitted roughly in the direction of the electron beam axis. The photon energies follow a synchrotron-like spectral distribution [14] , with a peak around 0.02 MeV. For highly relativistic particles in intense fields the calculation of the classical spectrum is computationally expensive [46] , and is beyond the scope of the paper. However, it is possible to make a qualitative comparison with the classical spectra. We find that the energy of the classical electron drops to ∼ 50 MeV by the time the particles reach the most intense part of the field, where most emissions will occur. In the classical case the intensity of the emitted radiation rapidly decreases [47] after the critical harmonic n ∼ 3a 3 0 /4, with frequency ω n = 4γ 2 nω/(1 + a 2 0 /2) (see e.g. [41] ). In our case ω crit = 13.9 MeV, which is consistent with the fall-off in the QED spectrum shown in Fig. 3 (d) .
Conclusions and outlook:-We have studied the dynamics of an electron in a high-intensity laser field. Using a plane wave test model we first showed formally that when a particle emits discretely it takes a random walk in transverse momentum space, and can thus gain, as well as lose, transverse momentum. This is in contrast to the classical case where, in a plane wave field, a radiating particle can only experience a net loss of transverse momentum. Finally, we performed a numerical study of a beam of electrons interacting with a paraxial beam model of a laser and showed that the effect is also clearly exhibited in this more realistic setup. The results show
